In this research we examine the ability of West's bubble test [1] in detecting speculative bubbles using Brock's [2] intertemporal general equilibrium model of asset pricing as the basis for a simulation study. In this setting, (1) the economy, by construction is efficient and produces the maximally possible amount of welfare for society, and (2) asset prices reflect the utility-maximizing behavior of consumers and the profit-maximizing behavior of firms. We find that the West's bubble test flag as "bubbles" in the simulated data yet the data is produced from an economy in which markets are efficient in welfare production.
Introduction
The steep rises and following sudden declines in the real equity prices in the United States during the last three decades have attracted a lot of attention in the academia.
Some researchers suggested that asset prices contain bubbles in addition to their fundamental values. Theoretically, the equilibrium price of an asset is simply the present value of its expected future cash flows. If market prices are driven by fundamentals, then fluctuations in equity prices should only reflect changes in their expected future dividends. Are such movements in real equity prices during the last three decades really a reflection of changing market fundamentals or is it a result of self-fulfilling expectations that investors are willing to pay more for a stock today than its intrinsic value because they expect to be able to sell it even more in the future.
A vast literature has emerged to study whether or not the observed volatility in equity prices is justified by fluctuations in expected dividends. Shiller [3] argued that the expost rational prices should be at least as variable as the observed prices because observed prices are based on expected dividends and do not have the variation introduced by future forecast errors. However, Shiller [3] documents that observed prices are more volatile than the ex-post rational price series 1 . Although Shiller [3] used his findings to argue about the validity of the present value model, other authors like Tirole [4] , Blanchard and Watson [5] related Shiller's [3] findings to the existence of rational bubbles.
Prior research has hypothesized and examined bubbles that differ in nature. These can be classified, in general, as either exogenous or intrinsic bubbles based on if they are exogenous to or depend in a non-linear deterministic way on fundamentals. Exogenous bubbles are examined among others by Flood and Garber [7] , Blanchard and Watson [5] , 1 See Akdeniz et al. [6] for a review. and Flood and Garber [8] , while papers analyzing intrinsic bubbles include Froot and
Obstfeld [9] and Driffill and Sola [10] .
Several tests have been proposed in the literature for the presence of bubbles. 2 Some of these require a specific parameterization of the bubble process; some investigate the stationary properties of price and dividend data and use unit root tests, autocorrelation patterns and cointegration tests. One of the tests that neither requires a specific parameterization of the bubble process nor uses integration/cointegration based analysis is West [1] . Due to its design, this test can -in principle -detect any bubble that is correlated with dividends. This is a desirable feature since overreaction to dividend news is argued to be an important factor contributing to the formation of a rational bubble (Shiller [11] ). The test procedure involves sequentially testing the model specification and the no bubbles hypothesis. In testing the latter, a set of parameters are calculated by two alternative methods. Under the assumption of no bubbles, the parameter estimates obtained from these two methods should be equal apart from sampling error, while in the presence of rational bubbles, the estimates should differ 3 .
Although West's test is considered to be a milestone test in detecting bubbles in data, it has been criticized in the literature in many ways 4 . One such criticism involves the approximation used in calculating the test statistic. West's test is similar to Hausman's [12] test in that both are based on the comparison of two sets of estimates of the same coefficients. However, as noted by Dezhbakhsh and Demirguc-Kunt [13] , they differ in a major way. In Hausman, the coefficients of the equation of interest are estimated directly by using two different estimators. In West, there is indirect estimation which involves the expression of the coefficients of interest, namely the distributed lag coefficients, in terms of coefficients from Euler and dividend ARIMA equations. Since the relationship is nonlinear, the covariances of the distributed lag coefficients can only be approximated from the covariances of coefficients from Euler and dividend ARIMA equations.
Dezhbakhsh and Demirguc-Kunt [13] argue that this approximation could exaggerate the chi-square statistic used by West, resulting in a rejection of the "no-bubble" hypothesis when there are no bubbles. 5 In the 1990s, some researchers have shifted their methodologies away from the above econometric analysis toward models of human psychology. Thus, a new research area namely behavioral finance has emerged. Behavioral finance has become a complement to the econometric analysis and many researchers have spent a lot of time and energy to explain anomalies in prices by using behavioral models 6 . However, the econometric analysis of stock prices and their correspondence to efficient markets theory is still an interest of the recent research.
Abreu and Brunnermeir [23] show that asset bubbles can persist despite the presence of rational arbitrageurs. They argue that the resilience of bubbles can be attributed to the inability of the arbitrageurs to synchronize their selling strategies. Heston et al. [24] present evidence for existence of bubbles from multiple solutions of the Black-Scholes-Merton model and possibly infeasible arbitrageurs. Pastor and Veronesi [25] calibrated the stock valuation model by introducing uncertainty in average future profitability and 5 Another issue, as West [1] discusses in footnote 3, is that the test may not be consistent: "if there are bubbles, the asymptotic probability that the test will reject the null may not be unity, even though the two sets of parameter estimates will be different with probability one in an infinite sized sample." This could result in a failure to detect bubbles when bubbles are present.
showed that the observed high volatility is not a sign of a bubble. Ghezzi and Piccardi [26] propose a dividend valuation model by using Markov Chain and show their model is in accordance with the empirical data. Nwogugu [27] criticizes the econometric models of asset pricing since they do not account for many facets of psychological behavior and decision making processes of agents. Cunado et al. [28] argue that the conclusions of the existence of bubbles in econometric tests might be due to the sampling frequency of data.
In a survey paper, Gurkaynak [14] suggests that the econometric detection of asset price bubbles can not be achieved with a satisfactory degree of certainty, and concludes that the literature is still unable to distinguish bubbles from time varying and regime shifting fundamentals.
In this study, we follow the argument of Dezhbakhsh and Demirguc-Kunt [13] and design an experiment to examine the ability of the West's test to detect bubbles. We simulated Brock's [2] general equilibrium model of asset pricing to obtain equity price and dividend series to be used in place of actual data. The simulated data are derived from a theoretical economic model, thus it does not contain any bubbles. More specifically, in our setting, (1) the economy, by construction is efficient and produces the maximally possible amount of welfare for society, and (2) asset prices reflect the utilitymaximizing behavior of consumers and the profit-maximizing behavior of firms.
Therefore the West's test should not reject the no-bubble hypothesis in this set up.
The rest of the paper is organized as follows: In Section 2 we introduce the model and the simulation of the data. Section 3 discusses the West test and its implementation and results of the tests and Section 4 concludes the paper.
Model

The Growth Model
The model we use as the basis for our study is the standard growth model with production, as specified in Brock [29] . This is a model of economic growth with an infinitely lived representative consumer. In this section, we heavily borrow from Brock [29] and recapitulate the essential elements of the model:
where E is the mathematical expectation operator,  is the discount factor on future utility, u is the utility function of consumption, c t is consumption at date t, x t is capital stock at date t, y t is output at date t, f i is production function of process i plus undepreciated capital,
x it is capital allocated to process i at date t,  i is depreciation rate for capital installed in process i, and  t is the shock parameter. Note that
where g x i it t ( , )  is the production function of process i.
The optimizer's objective is to maximize the expected value of the discounted sum of utilities over all consumption paths and capital allocations 7 . The working of the model, according to Brock [2] is;
There are N different processes. At date t it is decided how much to consume and how much to hold in the form of capital. It is assumed that capital goods can be costlessly transformed into consumption goods on a one-for-one basis. After it is decided how much to hold in the form of capital , then it is decided how to allocate capital across the N processes. After the allocation is decided nature reveals the value of r t , and g x r i it t ( , ) units of new production are available from process i at the end of period t. But  i x it units of capital have evaporated at the end of period t. Thus, the net new produce is g x r i it t ( , ) - i x it from process i. The total produce available to be divided into consumption and capital stock at date t+1 is given by
denotes the total amount of produce emerging from process i at the end of period t. The produce y t+1 is divided into consumption and capital stock at the beginning of date t+1, and so on it goes.
Note that Brock's [2] notation for the shock parameter is "r t " whereas in this study shock parameter is denoted by " t ". For a full interpretation of the model see Brock [2] .
The main assumptions for this model are:
(A1) the functions u and f i are concave, increasing, twice continuously differentiable, and satisfy the Inada conditions;
(A2) the stochastic process is independent and identically distributed;
(A3) the maximization problem has a unique optimal solution. 7 The x's at date t must be measurable with respect to the x i 's through date t-1.
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The first order conditions for the intertemporal maximization are:
is the one that is used below to drive a numerical solution to the growth model. Since the problem given by equations (2.1) to (2.6) is time stationary the optimal levels of c t ,
x t ,
x it are functions of the output level y t , and can be written as:
The objective is to solve the growth model for the optimal investment functions, h i , to analyze the underlying implications of the asset pricing model. The first two functions in equation (2.9) can be expressed in terms of these investment functions:
An Asset Pricing Model
The asset pricing model in Brock [2] is much like the Lucas [30] model. The main difference between these two models is that Brock's [2] model includes production, thus by incorporating shocks in with the production processes, it has the sources of uncertainty in the asset prices directly tied to economic fluctuations in output levels and hence in profits.
The model is similar to the growth model. There is one representative consumer whose preferences are given in equation (2.1). On the production side there are N different firms. Firms rent capital from the consumer side at the rate r it to maximize their profits:
Each firm makes its decision to hire capital after the shock,  t , is revealed. Here r it denotes the interest rate on capital in industry i at date t and it is determined with in the model. Asset shares are normalized so that there is one perfectly divisible equity share for each firm. Ownership of a share in firm i at date t entitles the consumer to the firm's profits at date t+1. It is also assumed (as in Lucas [30] ) that the optimum levels of asset prices, capital, consumption and output form a rational expectations equilibrium.
The representative consumer solves the following problem:
where P it is price of one share of firm i at date t, Z it is number of shares of firm i owned by the consumer at date t, and  it are profits of firm i at date t. The details of the model are in Brock [2] . The first order conditions yielding from the maximization problem are:
We use these first order conditions to get the prices for the assets. Brock [29] shows that there is a duality between the growth model ((2.1)-(2.6)) and the asset pricing model ((2.10)-(2.14)), and the solution to the growth model is also solution to the asset pricing model. Once the solution to the growth model is obtained, the asset pricing functions can be solved for the prices for the assets by equation (2.15).
Now define the dividends (profits) by:
and, define the return on each asset by:
 Define the profit, consumption and output functions by:
and the asset pricing functions by:
Once we have the pricing functions we next define the return function
From the first order condition (2.6), the return on each asset satisfies:
which is the efficiency condition from the growth model. By summing equation (2.6), we get that the return on the market portfolio satisfies:
and so it too is efficient. This is one of the hypotheses of the CAPM, which in this model is a consequence of the optimizing behavior of the consumer.
A Numerical Solution
Except for a very special case of the utility and production functions, there is no closed form solution for the optimal investment functions. In order to analyze the properties of the solutions to the asset pricing model we must use numerical techniques instead.
Akdeniz and Dechert [31] report the technical details of the numerical solution which we will not repeat here. In this study we use that solution and explore the parameter space for solutions to the model that, to a certain extent, fit some of the stylized facts of asset markets. Our primary focus will be on the equity prices that come out of the Brock [2] asset pricing model. For the solution and the computational details please see Akdeniz and Dechert [31] and Akdeniz and Dechert [32] .
Simulation
Simulation is an invaluable tool that enhances researcher's ability to analyze dynamic economic models. It enables a researcher to investigate the empirical debates by employing those models in a laboratory environment by contemplating all possible states of an economy. As a result, more and more economists have been using simulation methods for analyzing empirical problems over the last two decades. As Judd [33] points out, the computational methods provide a strong complement to economic theory for those problems that are not analytically tractable.
In this section we present the functional forms and the parameter values that we used in the solution of the growth model. It is a common practice in the literature to calibrate the model so that the model of the economy displays certain properties in common with actual economies. In this study, we explore the parameter space for solutions to the model that, to a certain extent, fit some the stylized facts of asset markets. We use
where γ is the utility curvature parameter. In keeping with the common practice in the literature we use γ = -1.00 for the value of the utility curvature parameter and we chose the value of the discount parameter, β, to be 0.97 in yearly units. On the production side, firms are characterized by the Cobb-Douglas production functions:
where x is the shock parameter in the production function. We pick the value of δ to correspond to the values that agree with aggregate data. We solve the Brock We simulated the economy to obtain 100-period stock price and dividend series for 5,000
times. In each simulation the computer picks a different state of the economy for each period and yields a sample path of time series of 100 stock price and dividend series.
Thus each one of the 100 period time series reflects a different realization of series of states of the economy. In summary, each one of the time series consists of different possible stock price and dividend series for the market portfolio of three firms over a period of 100 years.
Methodology
West's Model and Test
Similar in the spirit to the specification test of Hausman [12] , West's test compares two sets of estimates of the parameters needed to calculate the expected present discounted value of a given stock's dividend stream, with expectations conditional on current and all past dividends.
Consider the Euler equation, which expresses current price in terms of next period's price and dividend.
) (
where b is the real discount factor and This expression gives the so-called fundamental value of the stock. If the transversality condition does not hold, then any t p that satisfies 
The term i t Ed  │ t H is the forecast of dividends given by the past history of dividends.
West does not rely on any particular structural model for dividends. Assuming that dividends follow a stationary process, 
Given the stationarity of dividends, there is a closed-form expression for * , which will be same as those in the distributed lag for * t p apart from sampling error.
West method tests the equality of the two sets of distributed lag coefficients obtained from direct and indirect estimations as explained above. The existence of a bubble is only one possible factor that can lead to a discrepancy between the two sets of coefficient estimates. Since model misspecification rather than the existence of a bubble may also
give rise to such a discrepancy, diagnostic tests are applied to see if the Euler and dividend ARIMA equations are consistent with the data.
West's Estimation Technique
The estimation procedure contains the following steps: (i) identification of the order of The orthogonality conditions that the parameters in Euler, dividend and distributed lag equations should satisfy are as follows:
,.... , , 
as coefficients.
Multiple-equation GMM stacks the sample moments of three equations into a (2q+3) 1 vector.
The weighting matrix in the multiple-equation GMM estimation is:   After the estimation of parameters, their variance-covariance matrix is calculated.
This requires an estimate of the asymptotic variance-covariance matrix of moments, denoted by S . The Bartlett kernel-based estimator of S, which allows heteroskedasticity and autocorrelation, is used:
where i  is the i-th order autocovariance matrix, K is the Bartlett kernel and m is the Newey-West fixed bandwidth. Given the above Ŝ and Ŵ as defined before, the variance-covariance matrix of the parameters is:
The basic test statistic is calculated as follows. Under the null hypothesis of no bubbles, the regression coefficients in all equations are estimated consistently. When the direct and indirect estimates of the expected present discounted value parameters are compared, then they should be the same, apart from sampling error. Hence, the test is based on the following cross-equation restrictions on the coefficients in equations (3.4), (3.5) and (3.6) , which are obtained by applying Hansen and Sargent [34] formulas:
denote these q+1 constraints. The null hypothesis is that 0
. The test statistic is calculated as:
The derivative of ) ( R is calculated analytically. Under the null hypothesis, the statistic is asymptotically distributed as a chi-squared random variable with q+1 degrees of freedom.
As was discussed before, since model misspecification rather than the existence of a bubble may also give rise to a significant value of the test statistic, diagnostic tests on Euler and dividend ARIMA equations are performed to confirm that other sources of 
Under the null hypothesis that the Euler equation is not misspecified, the test statistic is asymptotically distributed as a chi-squared random variable with q degrees of freedom.
This test checks for the misspecification of the Euler equation due to expectational irrationality and time variation in discount rates that is correlated with dividends.
Use of West's Bubble Test with Simulated Data
As was described in section 2.4, our initial data consists of 5,000 independent samples, each containing a price and a dividend series for 100 periods. For each sample, the stationarity of dividends is tested by using the Augmented Dickey Fuller test. Dividend series are non-stationary for 168 samples. A modified version of West test can be applied to samples with non-stationary dividend series, however since these cases represent a small portion of our data, the analysis will be based on samples characterized by stationary dividends.
To minimize the effect of model misspecification on our results, we filter the generated data based on the following two criteria. First, we eliminate the samples for which the value of lag length q in the ARIMA forecasting equation is less than two. This filter reflects the requirement that the information set, t H , consisting of current and lagged dividends contains useable information. Second, we eliminate those samples that could not pass the two diagnostic checks discussed before. Thus, we kept only those samples for which we are more confident that the rejection of the null hypothesis of "no bubble" does not result from certain factors other than bubbles.
The use of these two filters eliminated 2,576 and 486 samples, respectively. The and q=4. 9 Therefore, in the remainder of the paper, only results for these three groups will be presented due to space limitation. Table 4 . It is notable that, for the three lag length groups, the coefficients of dividends are found significant at 5 percent level in all estimations. For the three lag length groups, the median values of all coefficient estimates, except that of the intercept for the third group, are positive.
The test of the null hypothesis that bubbles are absent is given in 
Conclusion
In this study, we follow the argument of Dezhbakhsh and Demirguc-Kunt [13] and design an experiment to examine the ability of the West's test to detect bubbles. We simulated Brock's [2] general equilibrium model of asset pricing to obtain equity price and dividend series to be used in place of actual data in West tests. Specifically, we solved Brock's model for three firms by using parameter space that, to a certain extent, fit some of the stylized facts of asset markets. In each simulation the process picks one of the eight different states of the economy for each period and yields stock price and dividend series for the market portfolio of three firms over a period of 100 years.
We data is generated based on Brock's model [2] , which similar to West employs the Euler equation for two consecutive periods. Second, since we use a large number of simulated data rather than a single sample, the peso problem cannot be an issue.
In conclusion, we believe that our evidence gives support to the criticism of Dezhbakhsh and Demirguc-Kunt [13] that the approximation used in calculating the test statistic in West, could exaggerate the chi-square statistic resulting in a rejection of the "no-bubble" hypothesis when there are no bubbles. Notes: The model is given by equation (3.5) in the text. This table summarizes the results of 1,595 independent samples, each containing a price and a dividend series for 100 periods. These samples are grouped based on the empirically determined lag length, denoted by q, in the dividend ARIMA equation.
Tables
Results are shown separately for lag length groups between two and four for convenience of reporting. These groups contain 913, 482 and 200 samples, respectively. # sign denotes the total number of samples in which a coefficient is significant at 5 percent level. 
